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Abstract:
We investigate the accuracy of the two-dimensional FiniteDifference Time-Domain (FDTD) method in modelling Surface Plasmon
Polaritons (SPPs) in the case of a single metal-dielectric interface and of a
thin metal film showing that FDTD has difficulties in the low-group-velocity
region of the SPP. We combine a contour-path approach with Z transform
to handle both the electromagnetic boundary conditions at the interface and
the negative dispersive dielectric function of the metal. The relative error is
thus significantly reduced.
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1. Introduction
The optical properties of metallic nanostructures supporting Surface Plasmon Polaritons (SPPs)
are very interesting for a wide range of applications operating at near-infrared and visible wavelengths [1, 2]. Nanofabrication techniques and quantitative modelling tools are key requirements for the realization of novel devices. In this context, the Finite-Difference Time-Domain
(FDTD) method [3, 4] has become very popular thanks to its flexibility in handling arbitrary
shapes with a simple and robust algorithm. While FDTD has been significantly improved for
the treatment of metals at microwave frequencies [3, 5], its applications in the near-infrared
and visible range is still challenging, especially for the treatment of SPPs at the metal-dielectric
interface. A brute force solution to this problem is using extremely fine meshes [6, 7], with the
consequence that high-level computing resources become necessary.
In fact, both for dielectrics and perfect conductors it has been pointed out that the enforcement of the electromagnetic boundary conditions improves the convergence of the algorithm [5, 8, 9]. Recent works have applied similar ideas to the modelling of dispersive materials [10, 11]. The peculiarity of SPPs though, is that the electromagnetic field is TM polarised,
with a parallel and orthogonal electric field components strongly localised at the interface. For
these reasons, SPPs will be even more sensitive to the way interfaces are implemented in FDTD.
Figure 1 sketches a two-dimensional (2D) FDTD mesh around a flat metal-dielectric interface.
In the FDTD algorithm, when a cell is partially filled it is replaced by a homogeneous cell with
the material that occupies more than half of it, hence the so-called staircase approximation.
Moreover, the field components must be displaced in space and time to construct the finitedifference equations [3]. For these reasons, the longitudinal and transverse electric components
of a SPP will sense different interfaces. Therefore, regardless of the position, FDTD is unable
to fit the correct conditions of a SPP even for a flat interface.
In this work we extend the 2D Contour-Path (CP) FDTD algorithm [5, 9] to interfaces aligned
with the mesh for dispersive materials and discuss the effects of staircasing on SPPs by considering a metal-dielectric interface and a thin metal film. We show that by this approach, which
rigorously enforces the electromagnetic boundary conditions, a significant improvement in the
modelling of SPPs is achieved.
2. Dispersive contour-path method
We consider two semi-infinite isotropic and non-magnetic media forming a flat interface, with
dielectric functions ε d and εm (ω ) = ε∞ − ωp2 /(ω (ω + ıγ )), respectively; ωp is the plasma frequency and γ is the damping frequency [12]. The constitutive relations B = H and D = ε m (ω )E,
where μ0 and ε0 are set to 1, must be expressed in time domain to be compatible with the FDTD
paradigm. Therefore, the relationship between D and E becomes a convolution. We use the Z
transform as a suitable transformation to replace discrete convolutions with multiplications [4],
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Fig. 1. Layout of the FDTD mesh on the metal-dielectric interface (metal at the left). The
integration paths for Ey and Ex are marked by thick lines.

so that the constitutive relation for D and E becomes for each field component
D(z) = εm (z)E(z)Δt,

(1)

where Δt is the time step used in FDTD and ε m (z) corresponds to ε m (ω ) in z-space

εm (z) =

ε∞ ω p2
+
Δt
γ



1
1
−
1 − z−1 1 − z−1e−γ Δt


.

(2)

Equation (1) can be rearranged as follows with the help of an auxiliary term S(z)
E(z)

=

Da D(z) − z−1 S(z),
−1

−2

S(z) = Ca z S(z) − Cb z S(z) + Cc E(z),
with coefficients

Ca = 1 + e−γ Δt ,

ωp2 Δt 
Cc =
1 − e−γ Δt ,
γε∞

Cb = e−γ Δt ,
1
Da = .
ε∞

(3)
(4)

(5)

A detailed derivation of Eqs. (1-4) can be found in Ref. [4]. Notice that the form of Eq. (4) and
its coefficients are determined by ε m (ω ), i.e. by the dispersion model. Since in the Z space, z −1
works as a delay operator [4], the implementation of these equations in FDTD is straightforward
and reads
E|n+1

= Da D|n+1 − S|n,

S|n+1

= Ca S|n − Cb S|n−1 + Cc E|n+1 ,

(6)

where |n+1 represents the field at time t = (n + 1)Δt.
To properly account for the electromagnetic boundary conditions, we derive the FDTD algorithm starting from the Maxwell’s equations in integral form [3, 9]. As depicted in Fig. 1,
because we are dealing with a flat interface, we refer to a 2D mesh with TM polarised light
(non-zero field components E x , Ey , Hz ). Consider first the Ey component, which is parallel to
the interface. The FDTD integration path associated to Ampère law is partially inside the metal
and partially in the dielectric. For this reason, we introduce an average dielectric displacement


d
d
(7)
D = Dm + 1 −
Dd ,
Δ
Δ
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where d and Δ are defined in Fig. 1, D m and Dd refer to the electric displacement in metal
and dielectric, respectively, and the y subscript is omitted. Using Eq. (3) and exploiting the
boundary condition E m = Ed ≡ E, we obtain
d
D(z) = ε E(z) + ε∞ z−1 Sm (z),
Δ

(8)



where ε = Δd ε∞ + 1 − Δd εd [8, 9]. Therefore, by saving D and S ≡ Δd εε∞ Sm in memory, we can

keep the same formulae as Eq. (6) and change the coefficients of Eq. (5) as follows
Cc =


d ωp2 Δt 
1 − e−γ Δt ,
Δ γε

Da =

1
.
ε

(9)

Now consider the E x field component, which is perpendicular to the interface. The integration
path of Faraday law is again partially inside the metal and partially in the dielectric, as shown
in Fig. 1. Following the same idea, we introduce an average electric field


f
f
E = Em + 1 −
(10)
Ed ,
Δ
Δ
where f is defined in Fig. 1 and the x subscript is omitted. Using Eq. (3) and the boundary
condition Dm = Dd ≡ D, we obtain
E(z) =

D(z) f −1
− z Sm (z),
ε⊥
Δ

(11)

 −1


[8, 9]. To update S m (z), the electric field inside the metal is
where ε⊥ = Δf ε1∞ + 1 − Δf ε1
d
needed, which can be obtained from E. After a few simple algebraic operations and by saving
E and S ≡ Δf Sm in memory, we can use the same formulae as Eq. (6) and change the coefficients
of Eq. (5) as follows



f ε⊥ ωp2 Δt 
1 − e−γ Δt ,
1−
Ca
Δ ε∞ γε∞

ε⊥ f ωp2 Δt 
1
Cc =
1 − e−γ Δt , Da =
.
ε∞ Δ γε∞
ε⊥
= 1 + e−γ Δt −

(12)

3. Numerical tests and discussion
In order to compare the accuracy of the CP method with respect to staircasing and investigate
how well FDTD can model SPPs, we use the 2D-FDTD method to compute the dispersion
relation ω (k) of SPPs propagating along a single metal-dielectric interface and along a thin
metal film. These systems are chosen for two reasons; first because they have an analytical
solution, which we can take as reference [1]; second because they represent the simplest cases
for understanding the basic issues of FDTD in handling SPPs.
3.1. Single metal-dielectric interface
For a metal-dielectric interface, the dispersion relation ω (k) of SPPs is given by [1]
k=
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Fig. 2. Dispersion relation for a SPP at a glass/copper interface. Frequencies and wavevec√
tors are expressed in units of ωs = ωp /(εd + ε∞ )1/2 and ks = ωs εd /c (λs = 2π /ks 
450nm). The discretization corresponds to Δ = 5nm. Inset: simulation scheme, see text for
details.

The calculation scheme is shown in the inset to Fig. 2. The FDTD mesh has Bloch boundary conditions [13] at the terminations perpendicular to the interface and PML [14] boundary
conditions at the remaining sides. A dipole placed in the proximity of the interface excites the
SPP. Because of the Bloch boundary conditions, only the energies corresponding to the imposed wavevector survive as time evolves. By Fourier transforming the recorded time series,
one obtains frequency peaks, which yield the SPP dispersion relation when considering all
wavevectors [13].
As an example of metal-dielectric interface we choose glass (ε d = 2.25) and copper (ε ∞ =
1.0, ωp = 5.0 × 1015rad/s and γ = 0.01ω p) [15]. The dispersion relations computed using staircasing, the CP method and the analytical solutions are plotted in Fig. 2. While in the region
where the SPP has a high group velocity both methods agree very well with the analytical curve,
as the group velocity decreases staircasing exhibits a much larger error. Indeed, this is the case
where the SPP is tightly localised at the interface and thus a proper treatment of the electromagnetic boundary conditions is more important. In fact, the relative error |ω (k) FDTD − ω (k)|/ω (k)
increases linearly with k for frequencies in the flat region of the dispersion relation (k ≥ k s ), for
both staircase and CP.
To investigate the behaviour of staircasing and our CP method further, we compute the
dispersion relation for different discretizations Δ. Figure 3 plots the average relative error
1
N ∑k |ω (k)FDTD − ω (k)|/ω (k), where N is the number of wavevectors used in the sum [16]
and ω (k) is the solution to Eq. (13). While the CP error remains small for a wide range of cell
sizes, the staircasing one grows rapidly and becomes larger than 10% already for discretizations
as small as Δ = 10nm. By fitting the curves of Fig. 3 with the function y = aΔ α we can estimate
the order of convergence [17]. While staircasing is only first-order accurate (α = 0.95 ± 0.02),
the CP-FDTD exhibits α = 1.47 ± 0.1. We have found basically the same values for α by fitting
1/2
the L2 error N1 ∑k |ω (k)FDTD − ω (k)|2 /ω (k)2
. Notice that even if our CP approach fulfils
the boundary conditions at the interface, it does not gain second-order accuracy (α = 2) as it
occurs for interfaces between dielectric materials [8] and in a homogeneous medium [3].
To gain more insight on this point, since we are essentially computing a dispersion relation
on an FDTD grid, we give an analytical expression for it following the same method described
#74794 - $15.00 USD

(C) 2006 OSA

Received 5 September 2006; revised 25 October 2006; accepted 25 October 2006

13 November 2006 / Vol. 14, No. 23 / OPTICS EXPRESS 11334

CP f=0.75Δ
staircase f=0.75Δ
staircase f=0.25Δ

20
10
0
-10
-20
-30

Relative Error [%]

Relative Error [%]

30

0.0
4

6

8

10

Discretization

-0.5

-1.0

-1.5

2

4

6

8

10

12

14

Discretization Δ [nm]

16

18

20

Fig. 3. Relative error as a function of discretization Δ. Only discretizations that divide the
mesh along k are considered in order to keep its length constant. The frequency relative
error in the Fourier transform is kept below 0.2%. Inset: zoomed error for the CP method.
We can assign a positive or negative sign to the error because the FDTD result is always
above or below the exact one, as shown in Fig. 2.

in Ref. [3] for a plane wave in a homogeneous medium. Assuming γ = 0, as trial solution we
take the following SPP mode
Ex |n+1
i, j+1/2

= Ex,0 exp{ı[kiΔ − ω̃ (n + 1)Δt] − k̃( j + 1/2)Δ} ,

Ey |n+1
i+1/2, j

= Ey,0 exp{ı[k(i + 1/2)Δ − ω̃(n + 1)Δt] − k̃ jΔ} ,

n+1/2
Hz |i, j

(14)

= Hz,0 exp{ı[kiΔ − ω̃ (n + 1/2)Δt] − k̃jΔ} ,

where i, j point to an FDTD cell. Notice that k is exact since it is set by the Bloch boundary
conditions, while the lateral confinement k̃ and the frequency ω̃ are affected by the discretization Δ. Moreover, k̃ and Ex,0 are different in the dielectric and in the metal. After substituting
Eqs. (14) into the Yee algorithm, eliminating the common exponential factors and applying
the boundary conditions at the metal-dielectric interface, we obtain the expression for the SPP
dispersion relation on the FDTD mesh,

 

kΔ
εd εm (ω̃ ) 1/2
ω̃ Δt
1
sin
sin
=
,
(15)
2
Sc εd + εm (ω̃ )
2
where Sc is the Courant stability factor [3], which in our numerical experiments is 0.95. By
computing the relative error for different discretizations Δ and fitting it with y = aΔ α , as we
have done for the data in Fig. 3, we obtain α = 2, like for a homogeneous medium. In deriving
Eq. (15) we assumed that the boundary conditions are fulfilled and that the dielectric function
in the metal is exactly εm (ω̃ ) at ω̃ . Since material dispersion in FDTD enters through a convolution between εm (nΔt) and the electric field, which is also affected by the discretization, we
expect also an error for ε ( ω̃ ) at ω̃ . Following the guidelines of Ref. [18], it is easy to find that
the Z transform applied to Drude dispersion implies an error proportional to ω p2 Δt 2 . Therefore,
Eq. (15) should be corrected as
 
 1/2 
 

kΔ
1 εd εm (ω̃ ) + ω p2 Δt 2 /4
ω̃ Δt
sin
sin
=
.
(16)
2
Sc εd + εm (ω̃ ) + ω p2 Δt 2 /4
2
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Once again we compute the relative error for Eq. (16) and fit it to the curve y = aΔ α to estimate
the order of convergence. We find that α remains equal to 2, which makes sense given that the
error on ε (ω ) is second-order in Δt. The fact that α does not reach 2 for the CP method should
therefore be attributed to other sources of error. We very much believe that the major problem
resides in the Bloch boundary conditions, which are not fully correct for a system with losses.
Indeed, by testing our method on a system with significantly lower losses we obtained α  1.8.
We could not test a system without losses because FDTD must fulfil the causality condition for
the dielectric function. Despite this problem we are confident that the relative improvement of
the CP method against staircasing remains valid, because the boundary conditions affect both
algorithms equally.
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Fig. 4. Relative error for the CP method as a function of the cell cut f for various discretizations Δ. The label to each curve refers to Δ expressed in nm. f /Δ = 0.0 is equivalent
to f /Δ = 1.0. We can assign a positive or negative sign to the error because the FDTD
result is always above or below the exact one, as shown in Fig. 2.

Another relevant aspect is the dependence of the error on the position of the cell cuts d and
f shown in Fig. 1. Actually, d and f are not independent, because d = f + 0.5Δ if f < 0.5Δ
or d = f − 0.5Δ if f ≥ 0.5Δ. Therefore, it is enough to study the case when f varies from 0
to Δ. Notice that staircasing implies only two situations f < 0.5Δ and f ≥ 0.5Δ that exhibit
different errors as it can be inferred from Figs. 2 and 3. On the contrary, the CP method is able
to account for the exact value of f . This property is very important for optimisation algorithms
where a structure parameter is finely tuned. The result, plotted in Fig. 4, shows that the error
depends on f in a non-trivial manner. The error is larger when f /Δ is about 0.75 and, like for
staircasing, it is positive for f /Δ  0.25 and negative for f /Δ  0.75. The minimum error is
found for f /Δ  0.5, corresponding to the situation where the cell associated to the parallel
field component is completely filled with metal, and for f /Δ  1.0 or 0.0, corresponding to
the situation where the cell associated to the perpendicular field component is completely filled
with metal. In other words, the best performances are obtained when the dispersive CP operates
only on one field component. In this perspective, one could think of positioning the mesh so
that only one CP integral is used, i.e. only one field component has a partially filled cell [11].
However, since the error remains small over the full range of f , we believe that avoiding such
constraint would be more advantageous for modelling general structures.
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3.2. Thin metal film with symmetric interfaces
We now consider a slightly more complex system made of a copper thin film (thickness d =
50nm) in glass. With respect to the previous case we have two new features: the interaction of
SPPs bound at the two interfaces and the existence of a dimension for the structure i.e. the film
thickness. The staircasing error therefore arises both from the individual interfaces and from
the imperfect matching of the film thickness, which is responsible for the SPP coupling.
Since the structure is symmetric, the normal modes of the system are antisymmetric (ω + ) and
symmetric (ω− ) SPPs. Their dispersion relations are given in implicit form by the following
equations [1],
km d
2ı
km d
ω− : εm kd + εd km coth
2ı

ω+ : εm kd + εd km tanh

=

0,

=

0,

(17)


1/2
ω2
εm,d 2 − k2
. The computational scheme, shown in the inset to Fig. 5 is
c
essentially equal to the previous test. A comparison between staircasing, CP and the analytical
result is displayed in Fig. 5. Again, the CP method agrees very well with the analytical curve
even in the low-group-velocity region, where staircasing becomes inaccurate. However, it seems
that the situation is not as bad as for the single interface.
where km,d =

1.2
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Fig. 5. Dispersion relation for symmetric (ω− ) and antisymmetric (ω+ ) SPP at a
glass/copper/glass thin film (thickness d = 50nm). Frequencies and wavevectors are expressed in the same units of Fig. 2. The discretization corresponds to Δ = 5nm. Inset:
simulation scheme, see text for details.

To clarify this point, we have calculated the relative error for different discretizations. Figure 6 reveals that the case of Fig. 5 is a special one. Indeed, Δ = 5nm matches exactly the film
thickness; moreover, if the upper interface has f = 0.75Δ, the lower one will have f = 0.25Δ,
and vice versa. Because we see from Fig. 2 that one curve is above and the other one is below
the correct result, it could happen that their coupling into symmetric and antisymmetric modes
luckily reduces the error, explaining the dip in Fig. 6. The same occurs for the CP method since
it also exhibits the change of sign in the error as shown in Fig. 4. Notice that this effect occurs
also for Δ = 2nm, which shows up as a steeper drop in the error. It is not so evident for the
#74794 - $15.00 USD

(C) 2006 OSA

Received 5 September 2006; revised 25 October 2006; accepted 25 October 2006

13 November 2006 / Vol. 14, No. 23 / OPTICS EXPRESS 11337

CP method though, because for such discretization we have already reached the error on the
Fourier transform. These findings suggest that under certain conditions one could reduce the
error more rapidly than at the rate set by α . On the other hand, such route seems not realistic
for complicated structures, where the various cancelling effects cannot be guided by intuition.
What is important here is that, again, the CP approach is always nearly an order of magnitude
better than staircasing.
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Fig. 6. Relative error as a function of discretization Δ. The frequency relative error in the
Fourier transform is kept below 0.2%. Lower inset: zoomed error for the CP method.

4. Conclusions
In conclusion, we have demonstrated the difficulties of the FDTD algorithm in modelling SPPs
even for the simplest cases of a single metal-dielectric interface and a thin metal film. The
issue originates from the displacement of the field components in the FDTD mesh, the staircase
approximation and the strong field localisation at the interface. We have proposed a CP-FDTD
approach in combination with Z transform that is able to significantly reduce the relative error.
Our method is readily extendable to three-dimensions, where two field components are parallel
and the third one is perpendicular to the interface, if the latter is aligned with the mesh. In
this case, the line integrals of Ampère law become surface integrals, but Eq. (9) remains valid.
Moreover, our approach is in principle valid for any dispersion model.
The formulae derived in this work are applicable only to interfaces aligned with the mesh.
We are aware that to fully improve FDTD one would need a similar way for treating tilted
interfaces; we think that our Z-transform-based CP method could be a good starting point.
The ability to reduce the error by an order of magnitude for general structures would indeed
represent a significant advancement in modelling SPPs using FDTD.
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